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Abstract 
Given a simplicial graph A with vertex set v and a function 9 that assigns to each vertex 
u E V a group G,, the graph product G(A,F) is the quotient of the free product UvfY G, modulo 
the normal subgroup generated by all commutators [G,, G,] with adjacent vertices u, w E V’. 
Using K.S. Brown’s approach to the Bieri-Neumann-Strebel invariant Cl(-) via R-tree actions 
we give an explicit formula for C’(G(A, 9)). 
1. Introduction 
The graph product of a family of groups generalizes the free product uOG, and the 
restricted direct product @“G,. Let A = (V, E) be a simplicial graph consisting of 
a vertex set V and a set E of unordered pairs {u, w} c P’ with o # w. Let 9 denote 
a function that assigns to each vertex u E V a group G,, and let G(A, 9) be the 
quotient of the free product UVEV G, modulo the normal subgroup generated by all 
commutators [G,, G,] with {u, w} E E. The group G(A, 9) is called the graph product 
ofthe vertex groups G,, and it is called a graph group if all vertex groups are infinite 
cyclic. Graph products were defined by Green [ 121 and have been studied by various 
authors (see, e.g., [2,7-9, 13, 14, 163). 
In [17] Meier and VanWyk were concerned with the Bieri-Neumann-Strebel 
invariant Cl(-) for graph groups over finite graphs. Our objective here is to give an 
explicit formula for the computation of Cl(-) for any graph product. The invariant 
C’(G) of a group G is a conical subset of the real vector space V(G) of all homomor- 
phisms x:G + R into the additive group of the reals. For any x E ‘V(G) and any 
generating system X of G we define T(G;.%), to be the full subgraph of the Cayley 
graph T(G; .?Z) of G with respect o % generated by all vertices g E G with x(g) 2 0. 
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Definition. A homomorphism x: G --P R’ belongs to C’(G) if and only if the valuation 
subgraph T(G; %), is connected for any generating system !Z of G. 
Suppose for a moment that G is finitely generated. Then it suffices to consider one 
Jinite generating system X of G and to decide whether T(G; %), is connected or not in 
order to prove or disprove that 1 E C’(G). Moreover, in this situation C’(G) coincides 
up to sign with the invariant Ccl defined in [3] and characterizes all finitely generated 
normal subgroups N4 G containing the derived subgroup G’: N is finitely generated if
and only if C’(G) contains the set V(G; N) = {x E T/(G) 1 x(N) = O}. For more details 
the reader is referred to [S] (also see [3,4,6]). 
Our main result gives a complete and easy picture of the Bieri-NeumannStrebel 
invariant .Z’(G(d, 9)) for graph products. Its proof is an illustration of the power and 
elegance of Brown’s approach to Cl(-) via R-tree actions (see Section 3 below). 
Theorem 1. Assume G is a graph product G(A, 9) with non-trivial vertex groups G, and 
x:G -+ [w is a non-zero homomorphism. Let A’ be the fill subgraph of A with vertex set 
V’ = {v E V 1 x(G,) # O}. Then x E C’(G) precisely if one of thefollowing conditions is 
fulfilled. 
(i) ZfA’ = {vO} then (x 1 G,,) E C’(G,O) an d each vertex v E V\{v,,} is adjacent to vo. 
(ii) Zf A’ has at least two vertices then it is connected and each vertex v E V\V’ is 
adjacent to some vertex of A’. 
If all vertex groups are infinite cyclic then we recover the result of Meier and 
VanWyk [17]: x E C’(G) if and only if A’ is connected and every vertex v E V\V’ is 
adjacent to some vertex of A’. Although our methods are completely different, their 
result had a strong influence on our investigations because it points to the relevant 
conditions. 
We first prove Theorem 1 and then apply it to characterize the finitely generated 
normal subgroups with abelian quotient of finitely generated graph products. 
2. Elementary properties of graph products 
Here we deduce some direct consequences of the definition of a graph product. So 
let G(A, 9) be a graph product with non-trivial vertex groups G, and let A’ = 
(V’,E’) s A be a subgraph. Then the obvious embedding &sVrGo~&EVGv induces 
a homomorphism p(A’, A): G(A’, FI V’) -+ G(A, 9). And if A’ is a full subgraph of 
A then the function that sends go E G, to gv E G, if v E V’ and to 1 otherwise induces 
a retraction z(A, A’) : G(A, F)+G(A’, 9 1 V’) of p(A’, A). The verification of property 
(ii) below is equally easy. 
Lemma 2. Let G(A,F) be a graph product with non-trivial vertex groups G,. 
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(i) 1f A’ = (V’, E’) z A is a full subgraph then G(A’, 9 1 V’) is a retract of G(A, F). 
(ii) If A is the union of two disjoint full subgraphs AI and Az then G(A, F) is the free 
product G(A1,9( V1)*G(Az,F[ V,). 
From this and the fact that G(A,.F) is generated by the collection of all vertex 
groups one concludes easily: 
Lemma 3. G(A,F) is$nitely generated ifand only if A is ajinite graph and all vertex 
groups G,, v E V, are finitely generated. 
3. Z’ and R-trees 
Assume that a group G acts by isometries on an R-tree T fixing an end e (for 
unexplained terminology see Cl]). For any x E T there is a unique ray (e, x] based at 
x and representing e. If we pick a base point b E T, we can define a homomorphism 
XT: G -+ [w by putting 
XT(g) = 4th x) - 4x, b), 
where x E T is uniquely determined by the requirement hat (e, x] = (e,gb]n(e, b]. 
This definition does not depend upon the choice of the base point b, and we will call 
T afixed-end G-R-tree with associated homomorphism XT. The following characteriza- 
tion of C’ is due to Brown [6] (also see [S, 10, 11, 153). 
Theorem 4. (Brown [6]). A non-zero homomorphism x: G + R belongs to C’(G) ifand 
only if every fixed-end G-R-tree T with associated homomorphism XT = x has a 
G-invariant line L. 
In the latter situation the line L coincides with the axis of every hyperbolic 
group element, and g E G is hyperbolic precisely if x(g) # 0. This will be used 
frequently. 
Besides Brown’s Theorem only the following fact on Cl(-) will be needed: 
Lemma 5. If G = G1 * G2 is a free product of non-trivial groups and x: G + R is 
a non-zero homomorphism the valuation subgraph T(G; G1 vG~)~ of the indicated 
Cayley graph is not connected. In particular, C’(G) = (0). 
Proof. Without loss of generality we may assume that x(G,) # 0. Choose non-trivial 
elements gl E Gl and g2 E G2 so that x(gi) < 0 and x(g2) 2 0. Then g = g1g2g;’ E G 
satisfies x(g) 2 0 but every edge path in T(G; Gl u G,) leading from the identity to 
g has to visit the vertex g1 $T(G; Gl u G2)X as can be seen from the normal form 
theorem. 0 
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4. Proof of Theorem 1 
Suppose first x E C’(G). If G is a quotient group and x : G + R factors through 
X: G+ R then 2 E Z’(G), as can be seen from the very definition of Cl(-). This 
reasoning applies, in particular, to any retract G = G(J, ._9GJ r) of G = G(d, 9) where 
d is a full subgraph of A containing A’. If I/’ = {uO) it shows that (~1 G,,) E Z’(G,,). 
Otherwise, Lemma 2 (ii) and Lemma 5 imply that A’ is connected. Moreover, the same 
arguments how that each full subgraph d whose vertex set is the union of I/’ and 
a vertex u E V\V’, must be connected. 
To establish the converse, consider a fixed-end G-R-tree T with associated 
homomorphism 1. Assume first that (i) holds. Then the assumption (x)G,,) E P(G,,) 
and Brown’s theorem guarantee that T has a G,,-invariant line L. If g E G, for some 
u E V\{uO} then gL is a gG,,g -‘-invariant line. As g centralizes G,, by hypothesis this 
means that gL is G,,-invariant and so coincides with L, for L is the axis of each 
hyperbolic element of G,,. Since the subgroups G,, u E V\(Q), and G,, generate G it 
follows that L is G-invariant. 
If (ii) holds the reasoning is similar but slightly more complicated. Given two 
adjacent vertices ul, u2 of A’ the definition of A’ ensures the existence of hyperbolic 
elements g1 E G,, and g2 E G,,. Let A1 and A2 denote their axes. Since G,, and G,, 
commute it follows as above that Al and A2 coincide and that this line is invariant 
under both G,, and G,,. In particular, this proves that the axis of every hyperbolic 
element of G,, is invariant under G,, and under all the subgroups G,, for which {ul, u’} 
is an edge of A’. As A’ is connected one can infer that T contains a line L which is 
invariant under the subgroup G(A’,Fl V’) of G. Finally, if u E V\V’ there exists 
a u’ E V’ so that (u, u’] E E and a hyperbolic element g E G,,. Then G, centralizes g and 
the axis A, = L is Go-invariant. Consequently, T contains a G-invariant line also in 
case (ii). An appeal to Brown’s theorem completes the proof of Theorem 1. Cl 
Remark. Using Lemma 5 it is quite easy to see that none of the conditions in 
Theorem 1 is redundant. 
5. Normal subgroups with ahelian quotient 
Here we apply our main result to characterize the finitely generated normal 
subgroups with abelian quotient of finitely generated graph products. We retain the 
notation of Section 2. 
Corollary 6. Assume G is a graph product G(A,F) with finite graph A and finitely 
generated non-trivial vertex groups G,, and NZSI G is a normal subgroup containing G’. 
Let V, be the set of vertices u such that the projection N, = z(A, u)(N) has infinite index 
in G, and let d” be the full subgraph of A with vertex set P = V \V,. Then N isjinitely 
generated if and only if the following three conditions hold. 
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(i) N, is jinitely generated for each vertex v E V,. 
(ii) G = (IIVsV G,) x G(d”, 9 1 P). 
(iii) Zfa is afuzsubgraph ofd” so that z(A, 2) (N) has infinite index in G(d, 9 1 P) then 
d is connected and each vertex 6~ p’\v is adjacent to some vertex of d. 
Although this result looks very technical it is easy to apply in practice. For example, 
if N = G’ then V, = {v E V 1 (Gv)Bb infinite} and it follows that G’ is finitely generated 
precisely if G = (n”,, G,) x G(d”, F 1 f) and G: is finitely generated for each v E V, 
However, to prove thi?result one only needs the easy lemma that two abelian groups 
A and B are finite if ker(A * B-H A x B) is finitely generated. From this fact, which is 
most conveniently proved by using the action of the kernel on the Bass-Serre tree 
associated with A* B, one can also deduce that the conditions of Corollary 6 are 
necessary. In concrete situations other methods may show that the above conditions 
are sufficient. The advantage of our result and the approach via the 
Bieri-Neumann-Strebel invariant is the generality. 
Remark. (1) The following examples how that none of our conditions is redundant. 
In each case the groups are endowed with the obvious graph product structure. The 
derived subgroup of the direct product of two free groups of rank 2 is not finitely 
generated and only condition (i) is violated. The derived subgroup of Z * E shows that 
(ii) is necessary. Let Gi, i = 1,2,3, be infinite cyclic with generator Xi. Then the kernels 
of the homomorphisms (G, *Gz) x G3 + Z and (G, x G2)*G3 + Z, both mapping x1 
and x2 to 1 and xJ to 0, show that none of the conditions in (iii) is redundant. - - 
(2) Assume d = (V, E) E A is a full subgraph. Let P be the full subgraph of A with 
vertex set V” = V\r. Then the quotient of G(d;Fl r) modulo z(A, d)(N) is isomor- 
phic to the quotient of G(A, 9) by N. G(d’, F IV”). 
Proof of Corollary 6. Recall that N is finitely generated if and only if C’(G) contains 
V(G; N) = {X E v(G) I x(N) = O}, and note that (ii) is equivalent to the following 
condition: (iv) Each vertex v E V, is adjacent to any other vertex of A. 
Suppose N is finitely generated. Then N, is finitely generated for each v E V,. Let 
J G A be a full subgraph such that N = n(A,d)(N) has infinite index in 
G = G(a, B I V). Since G/N projects onto the finitely generated infinite abelian group _ - 
G/N, there is a non-zero x E V(G; N) with the property that V’ = {v E V I x(G,) # 0) is 
a subset of v. By hypothesis x E Z’(G). Thus Theorem 1 implies that the full subgraph 
A’ E d with vertex set V’ is connected and each vertex v E V \V’ is adjacent o some 
vertex in A’. From this the assertions (ii) and (iii) follow easily. 
Suppose (i)-(iii) hold and 0 # x E V(G; N). We have to prove that x E Z;‘(G). So let 
A’ E A be the full subgraph with vertex set V’ = {v E VI x(G,) # 0} and denote the 
restriction of x to G(A’, 91 V’) by x’. Since x(N) = 0 and x factors as x = $on(A, A’) we 
see that z(A, A’)(N) I ker x’ and that z(A, A’)(N) has infinite index in G(A’,Fl V’). If 
A’ = {II,,} this implies v0 E V, and (11 G,,,) E V(G,,; N,,) c Z’(G,,) because N,, is 
finitely generated. From property (iv) and Theorem 1 we infer that x E C’(G). Hence 
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we are left with the case where A’ has at least two vertices. If A’ contains a vertex 
v E V, it follows from (iv) and Theorem 1 that x E Z’(G). Hence we may assume that 
A’ G d”. Then we invoke (iii) and (iv) to see that A’ is connected and each vertex 
v E V\V’ is adjacent to some vertex in A’. An appeal to Theorem 1 completes our 
proof. 0 
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